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The general conditions for reducing the third-order transfer function

of a twin-T by one are derived using Euclid's algorithm. The conditions

•presently used impose narrower constraints than necessary on the twin-T,

thus leaving fewer free parameters to optimize the circuit. With the new
method the zeros of the twin-T transfer function can be placed in both

the left- and the right-half s-plane.

The advantages of the twin-T with additional free parameters in second-
order RC-active filters are appreciable. For example, in the medium-
selectivity frequency-emphasizing network (MSFEN), the gain needed
to realize a given pole Q may be up to 70 times smaller than that required

with previous methods, while the stability of the pole is improved typically

by a factor of 2. Thus, an MSFEN with the general second-order twin-T
is capable of realizing a wider range of pole Q's than ivas possible pre-

viously, while the sensitivity of the pole Q is reduced.

I. INTRODUCTION

The twin-T as represented in Fig. 1 consists of the three resistors

Ri ,
R 2 , R :i

and the three capacitors C, , C2 , C3 . A straightforward

analysis provides its F-matrix as

F =

as
3 + s

2

(b + /) + s(c + g) + 1 _ as
3 + bs

2 + cs + 1

R,(RvC,s + l)(R3C,s + 1) R.(RPC3s + l)(R3C.s + 1)

as
3 + bs

2 +cs+ I gj + s
2
(b + d) + s(c + e) + 1

R.(R„C,s + l)(fl3C.a + 1) R.(RPCas + l)(R3C.s + 1)

(la)
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Fig. 1—The twin-T.

where

b = R,RzCiC?

c = RaC,

d = R
i C3(R2C2 + R,C)

e = R\Cz -f- R.Cn

j = B2C3(/2iC, + R3C.)

g = R.Ct + R£3

R, = R x +R2 ; C. = C, + C2

R\R2Rn =
R.

The transfer function of the unloaded twin-T is

T(s) = B
F2o

as
3 + 6s

2 + cs + 1

as + (6 + rf)s
2 + (c + e)s + 1

(lb)

(2)

The elements of Y and the transfer function T(s) are of the third

degree in s. The properties of the twin-T are very useful in second-order

BC-active filter sections.
1,2 One of these properties is to allow right-

half-plane zeros of T(s) in the unshaded region of Fig. 2 which is bounded

by the line with an angle of 60 degrees.
3 An important application

in #C-active niters is based on the fact that one needs less gain of the

amplifier to realize a high-pole Q if T(s) has right-half-plane zeros.
4

However, as is well known, for the /2C-active filter applications,

the degree in s of either T(s) or of the elements of Y has to be reduced

to second order by creating a common divider in the numerator and

the denominator of T(s) or the elements of Y. To achieve this several

special solutions are known," some of which will be listed later. All

of them, however, either impose more constraints than necessary

on the values of the components of the twin-T, or they destroy the

possibility of right-half-plane zeros. Some solutions are approximations

which hold only in the neighborhood of the imaginary axis. This paper

will derive the general condition for the reduction by one of the degree
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in s. This will lead to only one constraint, leaving additional free

components of the twin-T. This fact has a variety of applications in

network theory. As an example it will be used in Section V to optimize

and to extend the capabilities of the second-order FEN. Another

application is the precision tuning of second-order Z2C-active filter

sections. The reduction of the degree of T(s) by one will be dealt with

in the following section.

II. THE TRANSFER FUNCTION t(s) OF SECOND DEGREE

The degree of T(s) in equation (2) is reduced by one by creating

a common divider in the numerator and the denominator of T(s) or,

in other words, by creating a coinciding zero and pole of T(s) which

can be cancelled. The condition under which a pole and a zero coincide

may be found by using Euclid's algorithm.
7
This algorithm and its

application to T(s) are presented in the Appendix. The result is the

following: T(s) is of second degree in s if

d(d
2 + e

2
b) - e(e

2
a + cd

2
) = 0.

The common divider of T(s) is

(3)

D«-. + '

5
.

(•I)

Dividing the numerator and the denominator of T(s) by D(s) and
considering equation (3) provides the transfer function of second degree

in s

T(s) =

2 ,
b e\ . d

\a a) ea

2
,

(b e
,
d\ . d

\a d a/ ea

(5)

Now we have to check the condition (3) in further detail. Inserting

Fig. 2—The possible location of zeros of 7'(s).
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a, b, c, d, and e from (lb) in (3) and then rearranging equation (3)

yields

{R
X
R2C, - R 3R SC,){(^) - RiRtCtC,) = 0. (6)

Obviously equation (6) provides two separate conditions for the pole-

zero cancellation; namely,

-J
= Rfi zC xC3 (7)

R&C, = R,R SC. . (8)

The coefficients of T(s) in equation (5) depend upon the choice of

condition (7) or (8). The two solutions are:

Case 1. T(s) as in equation (5), with l-J = R
X
R3C,C* . (9a)

Case 2. T(s) as in equation (5), with

fl,ft2C3 = R*C aR, . (9b)

Case 2 should be worked out in further detail. Inserting (8) in (5)

yields the result

T(s) = '
"*

, (9c)
., . d d

s + - s + —
a ae

[where again constraint (8) holds].

In Case 1 the zeros of T(s) may be in the left- or in the right-half plane

since in the numerator the coefficient of s can be positive or negative.

The zeros of T(s) in Case 2 however always lie on the imaginary axis.

As can be seen, the cancellation of poles and zeros is guaranteed

in all cases by only one condition; namely, either equation (7) or equa-

tion (8). Thus from the six parameters of the twin-T, five are left at

our disposal.

I If. THE Y-MATR1X OF SECOND DEGREE

The condition for the reduction of the degree in all four elements

of Y in equation (la) is obvious. One of the two first-order factors

of the denominator has to be contained in all numerators. We divide



TWIN-T APPLICATION TO FENS 305

the numerators by one of those first-order factors and set the rest of

the division equal to zero. This provides the one condition

R„C, = RaC. ;
(10a)

that is, the two first-order factors of the denominator are equal. In-

serting R„ from equation (lb) in (10a) yields

R xR2Ca = R3R.C, , (10b)

which is the same condition as equation (8). Dividing all numerators

in Y by (sR„Ct + 1) and inserting R3 = {R XR2C*/R,C,) from (10b)

yields the second-order F-matrix

s
2R

x
R2C xC2 ^ + s(R,L\ + R2C,) 4- 1 s

2R
t
R 2C>C2 ^ + 1

Y = RXsR,Ca + 1) R.(sRPC3 + 1)

fRxRjCxCt f? + 1 s
aR lR2C1C2 %r + s(R,C3 + KiC) + 1

v/ a v a

R s (sRpC3 + 1) R.(sR„C3 + 1)

(11)

Again the pole-zero cancellation is guaranteed by only one constraint

leaving five parameters of the twin-T at our disposal. Before we con-

sider an application, let us look at some special cases for the constraints

(7) or (10b).

IV. SPECIAL CASES

We fulfill the condition (7) or (10b) by selecting one or more of the

remaining five free parameters of the twin-T in a special way. This

will simplify sometimes the equations for T(s) and Y. We shall list

the following six special cases.

(i) R }
= R2 = 2R, = R; C

t
= C 2

= % = C.

With this choice of values the conditions (7) and (10b) are satisfied

simultaneously. So we shall obtain a second order T(s) with zeros on

the imaginary axis and a K-matrix of second order.

From (9c) we get

2 ,4 1
s + 7^ s +RC ^ R 2CJ
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and from (11) we get

[s
2R 2C2 + 4RCs + 1

Y = 2R(sRC + 1)

s
2R2C2 + 1

2R(sRC + 1)

_ s
2R 2C2 + 1

2R(sRC + 1)

s
2R2C 2 + 4RCs + 1

2R(sRC + 1)

This symmetrical twin-T with the two free parameters R and C has

been used in the niters described in Refs. 1 and 2.

(u) R2 = pR\ ; #3 =
1 + p p p

P ^ 0.

The conditions (7) and (10b) are again satisfied simultaneously. Thus

we get a T(s) of second degree with zeros on the imaginary axis. From

(9c) we obtain

1
s
2 +

T(a) = R)Ci

,. + 2 fL+I_U +
1

p R\Ci \R
i
C i ,

This so-called potentially symmetrical twin-T has been used in Ref. 5.

(tit) Ri = R3 = R', Ci = Cz — C.

With this choice of values only condition (7) is satisfied. We, therefore,

expect a T(s) of second degree. Since condition (10a) is not fulfilled,

the F-matrix will remain of third-degree. In this case we get from (5)

with (7)

1

T(s) =

a 4 -LK _i_
s + RC R2

s + RCR 2C,

_i _L (o UL a. 1 4.
RC

I 4-
1

s + AC \ fla

+ ^ frC./"
"^ RCR2C 2

Obviously, only zeros in the open left-half plane are possible.

(iv) R 2C2 = ft8(C, + C 2) = R
X
{C 2 + C3).

This choice satisfies only (7) and yields the transfer function

*
2 +

r(«) = R2C

1
4. !

s +
ito*-' 5

' +

y

19O9 /t2Vy2
1+2*1

R2C2

.i + s2/^2 V i- T •>
c,

where again no right-half-plane zeros are possible.

(v) R\Ci = R2C2 — R*Ca .
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Again this special choice satisfies only constraint (7). Equations (5)

and (7) yield

T(s) =

- 4- - ffia J_ ^3 _ 11

+
72.C, U, +

fl2

+
fl3
+ #/ +

R\C\

Obviously this transfer function is capable of realizing right-half-plane

zeros.

(vi) R
t
= R3 = R; C, = R

Vc,c3
-

R +Ra

This choice satisfies (7) and yields the transfer function

rw =

, R(C, + VC.C.) + RAC, - C,)
g

(R + fl,)(C, + VC,CJ_
RR,C,(C, + \/C\C,)

"
«'fl,C,(C3 + Vc\c,) Vc,c,

., , l"ff(Ci + VC,C,) + RAC, - C) (R + Rt)(C\ + VC,C,)\ (R + R,)(C, + Vc,C,)
'

I RR/'AC, + y/7\C~.) RR,C,VC£, J ft'ff.dfC, + VC,C,)Vc,L\

which is capable of realizing right-half-plane zeros. An application

for the general second-order twin-T will be demonstrated in the following

section.

V. FREQUENCY-EMPHASIZING NETWORKS (FENs) WITH GENERAL TWIN-TS

The so-called medium-selectivity FEN (MSFEN) 3
is shown in

Fig. 3. Its transfer function is

L^ = T(S) = _Rl I

Vln RG 1 + uPT®
' (12)

Fig. 3—A frequency-emphasizing network.
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where /3 ^ 1 is the gain of the noninverting amplifier in the feedback

loop,

n = ¥ (13)
KG

is the gain of the inverting amplifier in the forward path, and T(s)

designates the transfer function of the unloaded twin-T. Inserting

T(s) from (9a), which enables realization of right-half-plane zeros,

we get from (12)

Us) = -§* - -^-""^ d fl

; ^ ^n d4)

a+*[' + G-a+sr£s> + 5]

with constraint equation (7). We want to realize the following transfer

function of a FEN

2 i
WQ I 2

S + — S + Wn

TFKN (s) = ~K 2s (15a)

2 I
W _ I 2

I ^en 0'w)
|
has a maximum at w = co„ where

| TVen (j«o) I

=
I
flu/?* I-

In order to get a frequency-emphasizing network

9, > I q. I-
(l^b)

We immediately get from equation (15a) the following requirements

for (14a):

ft* = -
,

(16a)

^2 = & _ 1 + !* (16b)

<k a a a

gp a a a 1 + MP

and from (14b):

-J
= R^C.C, . (16d)

The last requirement K = K,/i2 [l/(l + m/3)] can always be satisfied

by R (l which does not occur in (16a) through (16d).
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We simplify the equations (16a) through (16d). Inserting (16b)
into (16c) we get

- - U + \
1 l'l •—

) = x. (17a)

Inserting (17a) in (16a), (16a) in (16d), and (17a) and (16a) in (16b)

we get

a aco

eco'o = x,

R1R3C1C3 = a a>o

1 . OJn = X.

(17b)

(17c)

(17d)

With a, b, d, e from (16) we obtain, finally,

(R2C2 + fl,q + R3C2)

(R>C3 + R lC3 + /22C2)«S = x,

(Rx + /t?2) o OJn— —Z~~Z ~r /CoCotOn H = X,

1 — R\R2R3C\C2C3oi ,

(18a)

(18b)

(18c)

(ISd)

where (18d) has been used to simplify (18c). This nonlinear system
of four equations with the seven unknowns: R f , i — 1, 2, 3, C, , i =
1, 2, 3, and ju/3 contained in z may be solved by choosing three unknowns
in such a way that all solutions are realizable, that is they are positive

real numbers. Picking R
{ , R 2 , C3 and solving for R3 , C, , C2 , and x

does not give a feasible solution. We pick now R2 , C2 and x and solve

for R { , R3 , C] and C, . From (18b, c) we get

R XC3 = ~ - R,C, - R,C 2 =
Rl +ga

w«i R,

1

+ R2C2o)~o
— x

(19)

The equation on the right side of (19) yields

/?, =

1 + cl^ + ftC^ - x)R

(20a)

A
From (19) we obtain, further,
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c3 = ^±r* " (20b)
HiKi ^ + R2C2u,l-x

q*

with R x in equation (20a).

Eliminating C x
in (18a) and (18d) and solving for R 3 yields

X — jj-ri (R2C2) O>0#iC3

RiR 2C 2Cz03

while (18d) provides

From (17a) we obtain

c, = —r4 ; (20d)

R]R2CoRzC-6^o

M/3
= (20e)

,

X
-1

1 1

\q. Qv

The solution for R t ,R3 ,C l , C3 and m/3 has to be positive. C3 is positive

if

^ + fl2C2<4 - x > 0. (21a)

With equation (21a) the denominator of (20a) is positive; thus the

numerator also has to be positive, which yields

x
2 - xh + 2co^2C2) + col +^^ + "IRICI < 0.

\q* I q.

This is satisfied for

x t [^ + .ftC. -
*J-jj

- 1,^ + *C2 + 0,0J^ - l]
•

(21b)

The square root in (21b) is always real since the numerator of equation

(14a) or (15a) belongs to a passive KC-two port where q t < \ always

holds. For the requirement m/3 ^ we get from (20e)

x > J- - -) (21c)
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which, with (lob), is always satisfied as long as \qa \
< qv . Finally

tf ;i > yields

x > pTT + {R 2C2)

2
R,C3<& .

With Ri in equation (20a) and C, in equation (20b) we then obtain

This is fulfilled for

x £
(% + nk ~ w

°\i^ - *» % + ilk + "WiJ -
O"

(21d)

We now have to check the compatibility of the inequalities (21a)

through (2 Id). It can be shown easily that the upper bound in (21b)

guarantees (21a), which must no longer be considered. The inequalities

(21b) and (21d) have a range in common if the upper bound of (21b)

is higher than the lower bound of (21d) and if the lower bound of (21b)

is lower than the upper bound of (2 Id). This is satisfied if

wfcfe-ViH.^+^-i (22a)
co \2q 2 V4q2

Then the common range of (21b) and (2 Id) is x t {max [lower bounds
of (21b) and (21c)], min [upper bounds of (21b) and (21d)]|. This yields

. . [*

+

ac, - ^JTT,£ + -L-
+ ^/JT^]

if R2C 2 > - ,
(22b)

U)

and

x e

fe

+

wk -Wi - l
'it +A°2 + Wo^4? " J

]

if R2C 2 < - (22c)
a>,i

The inequality (21c) may be satisfied if the upper limit of (22b) and
(22c) respectively is larger than the limit in (21c). This yields for (22b)

sE>£-2-Wiz-i. w



312 THE BELL SYSTEM TECHNICAL JOURNAL, JANUARY 1972

and for (22c)

fl2C2
>^(^-\/^-l--)- (22e)1

(— - \
l - 1 - -

wo \2gf ^4^ qp/

Obviously (22a) also guarantees (22e); (22a) and (22d) are compatible

if the lower bound of (22a) is lower than the bound for R2C2 in (22d).

Again, this is always satisfied as can be easily shown. Thus we get the

two following sets of constraints:

Case 1.

R2C2 > -• (23a)
CUo

R,C2 1

* e [^ + AC2 -.^ ~1.
g; +^ + *JjZ " l]' (230

z> Wo(l-lY (23d)

Case 2.

fl,C2 < -• (24a)
co„

•• fe + sk - -Ws - '• t + ""KA + -^S - '

(24c)

- > 4i - £) (24d)

Equations (20a) through (20e) and the constraints (23) and (24)

represent the solution to the design of an FEN. For a given qp the gain

H0 should become as small as possible. This enlarges the bandwidth

of the amplifier and provides a more stable gain. As equation (20e)

shows, m/3 becomes small if x is chosen as large as possible.

G. Malek
8
has written a computer program which provides solutions

to equations (20a) through (20e) satisfying the constraints (23) and
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(24). The user may specify the spread in the values of the resistors

and the capacitors that can be tolerated. The program will give him
a solution with the given spread and with a minimum value of the

gain ju/3.

With G. Malek's program the following FENs have been designed.

(0 Given: w = 5 X 10
4
1/second; qp = 60; tolerable spread in the

values of the Rs and Cs is 1:9.5; m/3 should be as small as possible.

The result is

fl, = 16.821tf R2 = 50.00tf R 3 = 22.556tf M /3 = 11.4

C, = 546pF C2 = 320pF C3 = SOlOpF qz
= 0.3.

(m) Given: w = 5 X 10
4
1/second; qp = 60; tolerable spread 1:4.5;

and again /i/3 as small as possible. The result is

R, = 25.GK R2 = 50.OK R3 = 1G.5K M/3 = 13.4

C, = 647pF C2 = 37opF C3 = W74pF qM
= 0.3.

(in) Given: « = 5 X 10
4
1/second; qp = 500; tolerable spread 1:3;

and /i/3 as small as possible. The result is

R
x
= 41AK R 2 = 50.0K R3 = 225K M/3 = 20.16

C, - 413pF Co = 370pF C3 = 120SpF q : = 0.25.

A great variery of further solutions may be found by G. Malek's pro-

gram. If we would realize the three FENs with potentially symmetrical
twin-Ts with the same spread in values, we would require a gain n/3

=
133 in the first case, /z/3 = 153 in the second, and n0 = 1499 in the

third case. Thus the gain in the new circuits is a factor of 10 to 75
times smaller, resulting in increased bandwidth and stability.

The deviation of qp with respect to temperature has been measured
by G. Malek8

. In the temperature range of 10°C to 70°C, qp of the new
circuit changed by 9 percent in comparison to 19.5 percent in the case

of a potentially symmetrical twin-T.

VI. CONCLUSIONS

Conditions have been derived which guarantee that the transfer

function or the F-matrix of a general twin-T is of second degree in s.

As a result, five parameters of the twin-T are at our disposal. Since

this number is larger than in the commonly used approaches, more
effective use can be made of a twin-T. It has been demonstrated in the
case of an MSFEN that the gain required to realize a given pole Q
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may be reduced by a factor up to 70, while the stability of the pole

may typically be improved by a factor of 2. The topological structure

of the MSFEN, however, is the same as in the building blocks presently

used.

APPENDIX

Given the two polynomials N (s) and N,(s) where the degree of 7V\

does not exceed that of N t) . We wish to find the largest common divider

of N and N t
using Euclid's algorithm.

7
This algorithm is described

below by the (a) equations, while the (b) equations are only used for

the proof.

We form

or

m = AM + Ml (25a)

N (s) = A J (s)Nl (s) + Y,(«). (25b)

where the degree of N2 is smaller than the degree of N .

A common divider of NQ and Nt is a zero which both have in common.

At those zeros, N and AT, vanish; thus N2 in equation (25b) also must

vanish. So the common zero is also contained in Nt and #2 . Thus we

continue by

*& = A 2 (s) + ^-^ (26a)

N2 (s) N2 (s)

or

Ntb) = A 2(s)N2 (s) + N3(s). (26b)

With the same reasoning as before, the common zero is contained in

N2 and Na where the degree of A^3 is smaller than the degree of AT, .

Continuing in the same manner we get

ILdSA = AM + &±sB (27a)

N y (s)
W NM

or

N p ^(s) = A,(s)N,(s) + N f + 1 (s). (27b)

If Nt+ i(s) m then N, is the largest common divider. This can be

seen, considering that N,.i and N, have the same common divider
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as iV„ and AT, . For Np+l = we get from (27b)

#,.,(*) = A,(s)N,(8), (28)

which shows that the largest divider N, is also contained in N,- Y .

If we want the common divider to be of the first degree in s then we
continue dividing as above until an N y (s) of the first degree and a rest

of zero degree remains. Now we put the rest N, +1 (s) = from which
we derive the one condition for a common factor of the first degree

in No and Ni .

We apply this technique to T(s) in equation (2), where

N (s) = as
3 + (b + d)s

2 + (c + e)s + 1,

N^s) = as
3 + bs

2 + cs + 1.

We ask for the one condition for which a common divider of the first

degree occurs. Applying the algorithm, we get

Step 1: N 2 = +(ds
2 + es) = +ds(s +

^J-

Step2: N3 = (ft - f^s
2 + cs + 1.

At this point we may use a shortcut, which is always possible and which
saves a considerable amount of time. We are to find the common divider

of -/V2 and Af3 . Since JV2 is of the second degree we may factor it as

shown above. One of the roots of the first order must be the common
divider; ds cannot be a root of N3 (s), thus

D(s) = s +
|

(29)

must be the divider we are after. Dividing iV3 by s + e/d we get the

following rest which we set equal to zero

d(d
2 + e

2
b) - e(d

2

c + e
2
a) = 0. (30)

Equation (6) is the constraint guaranteeing that D(s) is the common
divider of N (s) and N t (s). Dividing N (s) and N^s) by D(s) and
considering (30) we get

N (s) = (s + j)(as
2 + (b + d - f)s + ^) ,

(31a)
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and

.r/N as
2 + (b - %)s + -

m = ^iM = i tl *- . (31c)HS) N (s) I ea\,d
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